Eur. Phys. J. A 24, 111-128 (2005)
DOI 10.1140/epja/i2004-10125-6

THE EUROPEAN
PHYSICAL JOURNAL A

Partial-wave decomposition of pion and photoproduction

amplitudes

A.V. Anisovich™?, E. Klempt"?, A.V. Sarantsev' 2, and U. Thoma?

! HISKP, Universitit Bonn, D-53115 Bonn, Germany
2 Petersburg Nuclear Physics Institute, Gatchina, Russia
3 11. Physikalisches Institut, Universitit Giessen, Germany

Received: 31 August 2004 / Revised version: 4 December 2004 /
Published online: 15 February 2005 — (© Societa Italiana di Fisica / Springer-Verlag 2005

Communicated by A. Schéfer

Abstract. Partial-wave amplitudes for production and decay of baryon resonances are constructed in the
framework of the operator expansion method. The approach is fully relativistically invariant and allows us
to perform combined analyses of different reactions imposing directly analyticity and unitarity constraints.
All formulas are given explicitly in the form used by the Crystal Barrel Collaboration in the (partly
forthcoming) analyses of the electro-, photo- and pion-induced meson production data.

PACS. 13.60.Le Meson production — 14.20.Gk Baryon resonances with S =0

1 Introduction

The perturbative approach to the theory of strong interac-
tion (perturbative QCD) cannot be applied directly to the
region of low and intermediate energies. In spite of many
efforts to create a nonperturbative formulation for QCD
from first principles, a final breakthrough has not yet been
achieved even if recent results of lattice QCD indicate that
this situation might change in the future. A necessary step
towards a better understanding of strong interactions is
undoubtedly a precise knowledge of the experimental sit-
uation and a correct classification of strongly interacting
particles.

In meson spectroscopy, considerable progress has been
made during the last ten years. A variety of experiments
led to the discovery of a large number of new meson states.
In particular scalar states, very poorly known 15 years ago,
are now one of the most studied systems. As a result, it
is now possible to investigate systematically the question
if additional states expected from QCD-like glueballs or
hybrids hide in the observed meson spectrum. Although
there is still no agreement on the classification of scalar
states, the number of reliable classifications is reduced to
quite a small number (see [1-5] and references therein).
We expect that the new GSI facility will help to resolve
the remaining ambiguities completely.

A very important observation is that those meson res-
onances which can be interpreted as dominant gq states
are lying on linear trajectories, not only against the total
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spin but also against their radial quantum number [6]. Ex-
citingly, this seems to be true also for baryons [7]. Almost
all known baryons lie on linear trajectories with the same
slope as that for mesons.

Most information about baryons comes from pion- and
photon-induced production of single mesons. However, the
experience from meson spectroscopy shows that excited
states decay dominantly into multi-body channels and are
not observed reliably in the elastic cross-section. Thus, re-
actions with three or more final states provide rich infor-
mation about the properties of hadronic resonances. One
of the recent examples is the possible observation of a pen-
taquark [8] which up to now was seen only in reactions
with three or more final-state particles.

The task to extract pole positions and residues from
multi-body final states is however not a simple one. The
main problems can be traced to the large interference ef-
fects between different isobars and to contributions from
singularities related to multi-body interactions. In [9] an
approach based on the dispersion N/D method was put
forward and successfully applied to the analysis of meson
resonances. In this method singularities in the reaction can
be classified, resonances which are closest to the physical
region can be taken into account accurately. Other contri-
butions can be parameterized in an efficient way.

One of the key points in this approach is the operator
decomposition method which provides a tool for a univer-
sal construction of partial-wave amplitudes for reactions
with two- and many-body final states. The operator de-
composition method has a long history. It was used for
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the analysis of reactions with three-particle final states
already in [10]. A full description of the method for the
nonrelativistic case was given in [11]. A full relativistic ap-
proach for NN — NN(NA) and vd — pn was developed
in [12-14]. The construction of partial-wave amplitudes
for production of meson resonances in different reactions
can be found in [15-17].

In the present article we develop the operator expan-
sion method to describe baryon resonances in meson- and
photon-induced reactions. The photon can be real or vir-
tual; we assume it to be virtual unless the opposite is
explicitly stated. The method is also very convenient to
calculate contributions from triangle and box diagrams
and to project t- and u-channel exchange amplitudes into
partial waves. The latter feature is very important for
amplitudes near their unitarity limits where the unitar-
ity property must be taken into account explicitly.

The formulas given here reproduce exactly the am-
plitudes used by the Crystal-Barrel-ELSA Collaboration
in their (partly forthcoming) analyses of single- and two-
body photoproduction reactions.

It must be emphasized that a wealth of data on baryon
resonances has been taken, is being analyzed or is go-
ing to be produced in the near future. At MAMI in
Mainz [18], precision data were taken in the low-energy
range which will be extended to 1.47 GeV photon energies
in the close future. The GRAAL [19] experiment has pro-
duced invaluable data, in particular using linearly polar-
ized photons. The SAPHIR [20] experiment at Bonn has
published a series of papers covering many basic photo-
production cross-sections; the experiment is now replaced
by the Crystal Barrel detector [21] which had produced
before many results at the Low-Energy Antiproton Ring
(LEAR) at CERN. And, last but not least, Jlab at New-
port News/Virginia has accumulated high statistic data
sets on photo- and electro-production of a variety of final
states. First high-quality data have been published [22].

1.1 Orbital-angular-momentum operators

Let us consider a decay of a composite particle with spin
J and momentum P (P? = s) into two spinless particles
with momenta ki and k. The only measured quantities
in such a reaction are the particle momenta. The angu-
lar dependent part of the wave function of the composite
state is described by operators constructed out of these
momenta and the metric tensor. Such operators (we will

denote them as X ,(f),, ., where L is the orbital momen-
tum) are called orbital-angular-momentum operators and
correspond to irreducible representations of the Lorentz
group. They satisfy the following properties [16]:

— Symmetry with respect to permutation of any two in-
dices:

(L) — xW@)
XM1-~-M1'~~IAJ‘~-~ML - XM1~-~HJ'~~~M~~-ML' (1>

— Orthogonality to the total momentum of the system,
P = kl + kg:

L
P“in(h -)--Mi-HML

= 0. 2)
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— The traceless property for summation over two any
indices:
gllilijX;(/f.)..ui...pj...uL = 0. (3)
Let us consider a one-loop diagram describing the
decay of a composite system into two spinless particles
which propagate and then form again a composite sys-
tem. The decay and formation processes are described
by orbital-angular-momentum operators. Due to conser-
vation of quantum numbers this amplitude must vanish
for initial and final states with different spin. The S-wave
operator is a scalar and can be taken as unit operator.
The P-wave operator is a vector. In the dispersion rela-
tion approach it is sufficient that the imaginary part of
the loop diagram with S- and P-wave operators as ver-
tices is equal to 0. In the case of spinless particles, this
requirement entails

ds
—xM =0 4
X =0, )
where the integral is taken over the solid angle of the rel-
ative momentum. In general the result of such an integra-
tion is proportional to the total momentum of the system
P, (the only external vector):

ds?
/ X =AP, (5)

Convoluting this expression with P, and demanding
A = 0, we obtain the orthogonality condition (2). The or-
thogonality between D-wave and S-wave is provided by
the traceless condition (3); conditions (2), (3) provide the
orthogonality for all operators with different orbital angu-
lar momenta.

The orthogonality condition (2) is automatically ful-
filled if the operators are constructed from the relative
momenta kf; and the tensor gf;y. They both are orthogo-
nal to the total momentum of the system:

P,P,

1
k=gt (k1 — ko), ,
29#1/(1 2) S

m (6)

glJ[u = Guv —

In the center-of-mass system (c.m.s. from now onwards),
where P = (P, P) = (1/5,0), the vector k= is space-like:
k+ = (0,k).

The operator for L = 0 is a scalar (for example, a unit
operator), and the operator for L = 1 is a vector which
can only be constructed from k. The orbital-angular-
momentum operators for L = 0 to 3 are

0) _ 1) _ 1.1
xO=1, XxV=k,
3 1
2 1.1 2 1
Xl(n)ltz = 9 (k,ulkLm - g kLgMHz) ’
3
Xl(ll)lmlts =

P ki 1 1 1 1 L 1
5 kmkuzkm - ? (gmuzkus Jrgmmkuz +guzu3ku1) }

(7)
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The operators X g‘)% for L > 1 can be written in form

of a recurrent expression:

L L feY
XF(LL)--HL k Ml HL
« (L-1
ZIL1~~~IJ4L (ZX M)z 1Mi+1~~ltLgltiDt
L
2 L y(L—-1)

1M1

oL —1 - gmu;Xm leMHlmﬂLa)' (8)

The convolution equality reads

x5k =k XETD (9)

SprLpL pL—-1"
Based on eq. (9) and taking into account the trace-

less property of Xfff?,_,tu one can write down the
orthogonality-normalization condition for orbital angular
operators:

L/ifX«n JENDXE, (B = Suma( DR
EE =B "
=1 .

Iterating eq. (8), one obtains the following expression for
the operator X,(Lf),.,%:

M1 T2 T3 T g

L L 1Ll gL 1
X/(tl?-~ML(k ) :a( )|:k ki ki ki 'kML

T 9L —1 3V

1
ki 1 1 1 5.1
+ (2L71)(2L73) (gmuzgusmkus kus

.mL+m)+”}.

(11)

ki 1 kl kl kL
guluz 2%

1 1 5.1
+gM1 M3 k#z k/m :

.

1 1 5.1
+gﬂlﬂzgusu5ku4kﬂe o

When a composite system decays into two spinless par-
ticles the total spin is defined by the angular momentum
only (J = L) and the angular part of the scattering am-
plitude (for example, a 7w — 77 transition) is described
as a convolution of the operators X (k) and X (F)(q)
where k and ¢ are relative momenta before and after the

interaction:
L
o (Vi) re

(12)
Here Pr(z) are Legendre polynomials (see appendix A)
and z = (ktqt) \/kT\/cI which are, in the c.m.s.,
functions of the cosme of the angle between initial and
final particles.

L 1
X, 0+,

ML(
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A comment: one should be careful with the expression

V/k?. In the c.m.s.,
JE2 = V2 =K

() -

1.2 The boson projection operator

" (xal)” (13)

Let us consider the imaginary part of the one-loop diagram
when particles interact with relative momentum p, then
propagate with momentum k, and interact for a second
time getting the relative momentum ¢q. The process can
be described by orbital-angular-momentum operators in
the form

ds?
L
XS0 ) [ XD,

The projection operator QX! :#*L for the partial wave with
angular momentum L is defined as

i R)XED L, (RD)XSD L, (a).

a2 o 1L 1 (L) o ...
/ e X,(Ll) un (B) X5 X, (k) = L1t onlir
(14)
and satisfies the following relations:
Ottt O30 = Offie (15)

Due to properties (15), the product of any number of
loop diagrams will be described by the same projection op-
erator. This operator has the same symmetry, orthogonal-
ity and traceless properties as X-operators (for the same
set of up and down indices) but the O-operator does not
depend on the relative momentum of the constituents and
does not describe decay processes. It represents the prop-
agation of the composite system and defines the structure
of the boson propagator (its numerator). More details on
the properties of X- and O-operators can be found in [16].

Taking into account the definition of the projection
operators (15) and the properties of the X-operators (11),
we obtain

1--- _ L
ook OBL b = a(L)X( )

This equation presents the basic property of the projection
operator: it projects any operator with L indices onto the
partial-wave operator with angular momentum L.

The projection operator can also be calculated using
the recurrent expression

L
1 €1
Oul ML — 2( Z i O;thl

ij=1

k (k). (16)

Mi—1Mit1---HL
Vj—1Vjt1--VL
4
(2L —1)(2L - 3)

L
§ 1 1 M.
X gmuj gl/kum OV1~~

i<j
k<m

Hi—1Hit1---Hj—1Hi+1---HL (17)
Vig—1Vk+1+--Vm—1Vm+1---VL :
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The low-order projection operators are

0O=1, Ok =g,

L1 2
Ons =5 (giagig + GusGa — gﬁﬂégs) : (18)

1.3 The vector projection operator in the
gauge-invariant limit

The sum over the possible polarizations of a vector particle
€, with nonzero mass corresponds to the vector projection

operator:
o ko w o L
E :E;LEV - Ol/ _g;u/ )
«

which means that there are three independent polarization
vectors orthogonal to the momentum of the particle and
normalized as €%er® = —1.

However, photon polarization vectors have only two in-
dependent components, their momentum squared is equal
to 0 and therefore, the projection operator cannot have
the form (19). The invariant expression for the photon
projection operator can be only constructed for the inter-
action of the photon with another particle. In this case it
has the form

11l E a o
G = — 8H€1/ =G —
o

(19)

PP, kik;
Pz R

(20)

where kp is the momentum of the baryon, ko is the mo-
mentum of the photon, P = ki + k2 and

1 1 P,P,
b = 5 (ki=ha)ugp, = 5 (ki—ka)y (ng -5 ) - (21)

In the c.m.s. with the momentum of v being parallel to

the z-axis, the gjf tensor has a very simple form:
00 00O
11 _|l0-100
g;u/ - 0 0 71 O 9 (22)
00 00O

where the vector components are defined as

p=(E,pz,py,D2) -

The tensor (20) is orthogonal to the momentum of
both particles:

G kow = g k1 =0, (23)
and it extracts the gauge-invariant part of the amplitude.
For the real photon

_ a 11l «
A=A, =Avg,, €,

(24)
and the expression A,g;," is gauge invariant:

Al/g,/LHLkZH = 0
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2 Fermions

The wave function of a fermion is described as a Dirac
bispinor, as an object in Dirac space represented by
~-matrices. In the standard representation the y-matrices
have the following form:

e (15): (50 ()

where o are 2 x 2 Pauli matrices. In this representation
the spinors for fermion particles with momentum p are

B 1 (po + m)w
0= (Vo)
s "0 m). — (o)

Ve

Here w represents a 2-dimensional spinor and w* the con-
jugated and transposed spinor. The normalization condi-
tion can be written as

polarizations

(26)

u(p)u(p) = 2m u(p)u(p) =m+p. (27

We define p = p*ry,,.

3 The structure of the fermion propagator

The wave function of a particle with spin J = L+1/2 and
momentum p is described by a tensor bispinor ¥, ., : it
is a tensor in Dirac space. As a tensor, it satisfies the same
properties as a boson wave function:

pl"i!p,uL“HL =0,
=Y

W,ul...,ui...pj...,uL M1 fbgeoifbgo o b,

gl‘il"jwﬂ'l---#L =0. (28)

In addition, the fermion wave function must satisfy the
following properties:

(ﬁ - m)wﬂl---uL =0,

Pyl‘i!pﬂl---#L =0. (29)

Conditions (28), (29) define the structure of the fermion
propagator (projection operator) which can be written in
the following form:
Fyrlr(p) = (m+p)RGLE (30)

Here (m + p) corresponds to the propagator for a fermion
with J =1/2.
The operator RE!-#'L describes the tensor structure of
the propagator. It is equal to 1 for a J = 1/2 particle and
is proportional to gjy — vj’ylf/?) for a particle with spin
T =3/2 (v = g5 W)-

Conditions (28) are identical for fermion and boson
projection operators and therefore the fermion projection
operator can be written as

Rpi-fe = Ok Tga 2L Ofi- B (31)
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The T“1 ﬁ‘“ operator can be expressed in a rather sim-
ple form since all symmetry and orthogonality conditions
are imposed by O-operators. First, the T-operators are
constructed only out of metrical tensors and y-matrices.
Second, a construction like va, Ve,

Yo Yo; = 59aia; T Oasays (32>

2
where

1
Oa;aj = 5(7&{7&1- - ’ya]"yai)’

gives zero if multiplied with an O-operator (the first term
due to the traceless conditions and the second one due to
symmetry properties). The only structures which can then
be constructed are g5, and oq,s,. Moreover, taking into
account the symmetry properties of the O-operators, the
latter can be used as 04,3, :

oo L+1 L
TﬁllmﬁLL = 2L+1 (galﬁl - L—l—l alﬁl) Hgmﬁb (33)

Here the coefficients are calculated to satisfy the condi-
tions (29) for the fermion projection operator:

Pl = PLl, = 0. (34)
Pa R = PR (3)

It is not necessary to construct the T-operator out of
the metric tensors and o-matrices orthogonal to the mo-
mentum of the particle. Orthogonality is imposed by
O-operators. However, to use the same ingredients for all
operators, it is easier to introduce this property directly,
rewriting the T-operators as

P L+1 L
Tﬂll"ﬂLL = 2L—|—1( Oé1ﬁ1 L+1 al,Bl) ]‘_[gozlﬁ1 (36)
1
T = 5 (W% = %)

3.1 Fermion propagator for an unstable particle

The numerator of a stable-particle propagator has a very
simple structure in its c.m.s.:

- 10
m+P—2m(OO).

Assume a resonance with an invariant mass /s
(P? = 5). To maintain the orthogonality condition for the
operators, one should replace m — /s in eq. (30). Then,
for a resonance in its c.m.s.:

\/§+P=2\/§<(1)8>.

(37)

(38)

Such a structure is divergent at large energies and it
is reasonable to regularize it with the factor 2M/(24/s)

115

or simply with 1/(2+/s) to provide a correct asymptotical
behavior. Therefore we use the following expression for
the numerator of a resonance propagator:

\[+ PRM /tL .

F“l"'/LL (P)
2v/s

Vy...Vp

(39)

4 wN scattering

Let us now construct vertices for the decay of a composite
baryon system with momentum P into the 7N final state
with relative momentum k = 1/2(k; — k2) (here ky is the
nucleon momentum). A particle with spin J¥ = 1/27 de-
cays into the 7N channel in an S-wave, hence the orbital-
angular-momentum operator is a scalar, e.g. a unit oper-
ator. For the vertex we get

w(P)u(ky).

Here u(P) is a bispinor of the composite particle and
u(ky) is the bispinor of the nucleon. A resonance with
spin 3/2" decays into 7N with an orbital angular momen-
tum L = 1 and the vertex must be a vector, constructed
out of k:f; and 'yf;. However, it is sufficient to take only
kf;: first, due to the properties (29) and second, due to
the fact that the projection operator (numerator of the
fermion propagator) will automatically provide the cor-
rect structure. Thus, we obtain for the decay of particles
with J = (L +1/2), P = (=1)&*! (1/2—, 3/2F, 5/27,
7/2%, ...) the expression

(40)

Doy X (6 Yl ). (41)
Let us call this set of states, where the total angular mo-
mentum is given by the orbital angular momentum plus
1/2, “plus” or “+” states. “Minus” or “—” states are de-
fined analogously (J = (L — 1/2), P = (—1)X*1).

It is convenient to introduce vertex functions N; i L
describing the decay of a resonance into a pbeudowalar

meson and a nucleon. Then for “+” states:

@#1---MLN:1...;LL (kL)u(kl) ’
N (R =X () (42)

The angular dependent part of the 7N — resonance —
7w N transition amplitude can be constructed in a very sim-
ple way: the vertex function describing the interaction of
the meson and the nucleon convolutes with the interme-
diate state propagator and the decay vertex function:
apNG g FUS L (PN, L, i

e (43)
Here N* is the left-hand vertex function (with two parti-
cles joining to one resonance) which is different from the
decay vertex function N* by the ordering of y-matrices.
(This is important for N, .., vertices which will be given
on the next page.) If ¢ and k are the relative momenta
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before and after interaction and k; and ¢ are the corre-
sponding nucleon momenta, the amplitude for 7N scat-
tering via “+4” states can be written as

A=a(k) X,y (KLY ER1L(P)

Vi...VL
XX (@ ular) BW (s)
where BVVL+ (s) describes the energy dependence of the
intermediate state propagator. It is given, e.g., by a Breit-
Wigner amplitude, a K-matrix or an N/D expression.
Using egs. (15) and (37) we obtain

(44)

a= st R (i3 i) o
xpL(z)ng(s)—a(kl)f+P L 1

25 2L+1° M
X Xupineir, (k) Xopua., (¢ Yular) BWH (s) -

The formulas for the convolution of X-operators with
one free index in each operator is given in appendix B,
eq. (B.2). Only the last, antisymmetric term, gives a
nonzero result:

- (V)

(L+1)Pp(z) —

(45)

\/5 + P o(L)
25 2L+1

O',uukMQV
VE f

Let us now construct the vertices for the decay of com-
posite particles with spin-parity 1/2%,3/27,5/2% ... into
7N. The state with 1/2% is a scalar in tensor space and
decays into 7N with L = 1. Therefore, this scalar should

be constructed from kﬁ; It cannot be k+ = kj-*y# since

B} (5

1 Ch) (46)

such an operator is not orthogonal to the 1/27 state:
a(P)k*u(ky) = a(P)(ky — aP)u(ky) =
u(P)u(kr)(m1 — a(s)V/s) . (47)
Here we used
ki, = k,f +a(s)P,, (48)
with Pr ) )
1 s+ my —my
als)=pr =g

Changing the parity in the fermion sector can be done by
adding a ys-matrix. Then the basic operator for the decay
of a 1/2% state into a nucleon and a pseudoscalar meson
has the form

ikt (49)
where k' is introduced just for convenience. Indeed
a(P)iysku(ky) = a(P)ivs (ky — a(s) Pyu(k:) =
u(P)iysu(ky)(mi +a(s)v's).  (50)
Let us denote the last expression in (50) as x:
Xi = m; +a(s)y/s — (in c.m.s.) m; + ki (51)
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In general, one can also introduce another scalar expres-
sion using y-matrices and k=

(52)

where €;;1; is the antisymmetric tensor. However, using
the properties of the y-matrices

ik Viviki P s

R Ta7ar" (53)
one can show that this operator is identical to (49).
For the decay of systems with J = L — 1/2 into 7N

we obtain

= EijkIN

Dy i XS (KD ulk) . (54)
Therefore the vertex function can be written as

y:/ul---ML 1N;1 L — 1(kL)u(k1) ) (55)

Nﬂ_l ML — 1(kl) = 175/7VX1(/163~~ML71(ICL) ? (56)

leading to the following amplitude for the transition
m™N — R — wN:

A=ak)XE) o (R)vaivs i (P)ivsye

XXﬁ(Vl) VL _ 1( )U(Q1)BWL_(5) =

() s VP 20
ol gL
X l’%LélL Pp_i(z)—k* \//%ku\/i P ] ug(qr).

Taking into account that

= (ktqh) + o kya

el
()

kl_ql_

it TPy IW uqv G+

k;2\/—

(58)
(remember z = (k*tqt) \/k:T\/— we obtain
A (V) o VL
<[P - 1= 2P )
J_ kJ_
Tl (L s+ 2P () |us(ar). (59)

RV
Using the properties of Legendre polynomials (given in

appendix A) the final expression for 7N scattering due to
“—” resonances reads

- (m@%wgwm Lot Lol
L ki

LPL Uf q1) (60)

FURVE "
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Therefore, the total 7N — 7N transition amplitude is
equal to

(V)

J_kJ_
x[fl

NC
a(L)

=Y [25?1 (L+1D)BWf (s)+ ==L BW, (s )| Pr2),

ey D)
; (o) g 5) ~ g (5)] ),

Let us calculate the amplitude (61) in the c.m.s. of the
resonance where P = (1/s,0):

i) Y o aom)e, (o))
11 2\/s \/klo—l-m

(qr0+m)w’
> 1 0 (qla)w/ _ * - !/
0 0 m =w Xlew 9

—1E i O 0 .
_ prjoj _
Oy = . = —ig,,i0; 1.
ny ( 0 stja']) nyI=a

Here, w and w’ are two-dimensional spinors of the initial-
and final-state nucleons. Thus

\/_+P

f2] Uf fh

(61)

(62)

ojkuqy

A= (=1 (k||a) " xixF w* [fl i g k||q| fo e

Defining the vector normal to the decay plane as

_ L
Y |k|| | (63>
we obtain the final expression
A= (-D(Klla) w* yxaxs [fi +ilon)falw . (64)

When fitting 7V scattering data, the following expression
(defined in the c.m.s.) is often used:

AN = w"[G(s,t) + H(s,t)i(on)]w',

G(s,t) = Y [(L+1)F} (s) = LF[ (s)] PL(2) ,
H(s,t) =Y [Ff(s)+ Fy(s)]Pp(2) . (65)
L

The Ff are functions which depend only on energy. Com-
paring our expressions with (65), we obtain the following
correspondence:

B = ()" () RXT e B (s).

Fp = MOkl Vg “Eewpe . 66)
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5 Operators for the decay of baryons into a
nucleon and a vector particle

A vector particle (e.g., a virtual photon v* or a p-meson)
has spin 1 and therefore the v*N system can form two
spin states with S = 1/2 and 3/2. In combination with
the orbital angular momentum, six sets of partial waves
can be formed:

J=L,n+3 S=3% P=(-1)F"* L y=01,...,
J=Lyn-3% 8=% P=(-1)"""" L N=23...,
J=Ln+3, S=% P=(-1)"""" L y=12...,
J=L,y—-3% 8=3% P=(-1)"t L y=12,...,
J=Ln—-3% 8S=% P=(-1)""" Ly=12...,
J=L,n+3 8=3% P=(-1)""" Lx=01,....

(67)
5.1 Operators for 1/2—,3/21,5/2... states

Let us start from the operators for the “+” states. A 1/2~
baryon decays into a baryon with JZ = 1/2% and a vector
particle in either S- or D-wave. In case of an S-wave decay
the orbital-angular-momentum operator is a unit operator
and the polarization vector can be convoluted only with
a y-matrix. However, the y-matrix changes the parity of
the system. To compensate this unwanted change, an ad-
ditional s5-matrix has to be introduced. Therefore, the
operator describing the transition of the state with spin
1/27 into a v and 1/2% fermion in S-wave is

u(P)iyysulki)ey - (68)

Here @(P) is the bispinor describing a baryon resonance
with momentum P, u(k;) is the bispinor for the final
fermion with momentum k; and ¢, is the polarization vec-
tor of the vector particle. The operator (68) is a spin-(1/2)
operator and its combination with the orbital-angular-
momentum operators X P(ff) u, defines the first set of the
operators (67):

a, (D) u(k)e, .

As before, ¥,, ..o, is a fermionic bispinor wave function
with spin J = L+1/2, and k* is the component of the
relative momentum of the v*N system orthogonal to the
total momentum of the system. For these partial waves
the orbital angular momentum in the v*N system L.y
coincides with orbital angular momentum in 7N which
we denote as L.

The decay of a 1/27 state into a 1/27 and a vector par-
ticle in D-wave must be described by the D-wave orbital-
angular-momentum operator:

a(P)yivs X3 (K ulkr)e, -

One can easily write down the whole set of such operators
with J=L,y—3/2 by

wﬂl OZL’Y,LLZ’Y5X( ) (69)

(70)

(L+2)

@(Xl---CKL,yVZ”}%X;uJal...aL (kl)u(kl)gﬂ (71)
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Remember that L is the orbital angular momentum in the
decay of a resonance into 7N (Lyy=L + 2).

The third set of operators starts from the total momen-
tum 3/2. The basic operator describes the P-wave decay
of a 3/2% system into a baryon and a vector particle. It
has the form

Gy is XD (K (ki e - (72)
The operators for a baryon with J = L,y +1/2 can be
written as

7 (L)

Vyor.or, 1 W5 X oo an 1 (kL)u(kl)Eu . (73)

In case of photoproduction rather than electroproduc-
tion the operators (71) are reduced due to gauge invari-
ance to those given in (69). Gauge invariance requires

epkiy = epkoy = Eukj =0. (74)
Using (29) we obtain
@(11--~OZL’YV7;75X;(J,1[;(J§12.)..0¢L (kL)u(kl)Eu =
~k2a(L) - .
m o Y15 XS o (B ulky ey -
(75)

Although operators (71) applied to the case of real pho-
tons produce the same angular dependence as opera-
tors (69), the former can provide an additional energy
dependence which can be important for broad states.

It is convenient to write the decay amplitudes as a
convolution of the bispinor wave functions and the vertex
functions VOZHSL i =1,2,3. Then egs. (69), (71), (73) can
be rewritten as

@al ..op Vogjﬂf;L (kL)u(kl)gu )

V0511+)C€LL (kL) = 7#175)((&11/)04, (kL) ?
VDR (k) = 7,i9s X 5D (k)

Vai Dl ) = wins X0 an (6 )Gy - (76)
In the helicity approach the property discussed above
means that a 1/2 state is described by only one helic-
ity amplitude, while states with higher spin are described
by helicity amplitudes 1/2 and 3/2.

5.2 Operators for 1/2+,3/2—,5/2%... states

A 1/2F particle decays into a fermion with J = 1/27F
and spin-1 particle in relative P-wave only. The operator
for spin 1/2 of the v*N system can be constructed in
the same way as the corresponding operator for the “+”
states. The P-wave orbital-angular-momentum operator
must be convoluted with a y-matrix. In this case, the 5
operator is not needed to provide the correct parity. The
transition amplitude can be written as

a(Pyyeyu X ulky e, (77)
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and the operator for the state with S = 1/2 and J =
L,n — 1/2 has the form

L
WOL1~--QL—1’Y£7,LLX( )

cor o (FDulk)e, (78)
with L = erN = L'yN-

For the “minus” states, the operators with S = 3/2
and J = L,y — 1/2 have the same orbital angular mo-
mentum as the S = 1/2 operator. However, here the po-
larization vector convolutes with the index of the orbital-

angular-momentum operator. Then

x (L)

j/@é ,uozl,..aL,l(kl)u(kl)gﬂ : (79)

1...00L,—1
The third set of operators starts from total spin 3/2. The
basic operator describes the decay of the 3/2~ system into
the nucleon and a photon in relative S-wave. Thus,

@Mu(kl)EM, (80)
and we obtain the set
Woyoar X572, () g, ulk e, (81)

Remember that for these states L = L,y + 2.

For real photons, the operator (79) vanishes for J =
1/2%; for higher states these operators provide some ad-
ditional energy dependence in the partial waves (81). For

convenience we introduce the vertex functions Vogii)“ 1
1 =1,2,3 as was done in the case of “+” states,
@al»--aL—lvlfgj.).l.laL_l(kL)u(kl)gﬂ y
_ L
VAl () = e X oy (R
) 1 L 1L
OE?...)O/éLfl(k ) = X/Eta)l.‘.a[‘,l(k ) I
3— 1 L—2 1y, 1L
Vogl...)OgL_l(k ) = X&Q...O?L_l(k )galy * (82)

6 Single-meson photoproduction

The amplitude for the photoproduction of a single pseu-
doscalar meson (for the sake of simplicity, let us take the
pion) is well known and can be found in the literature
(see, for example, [23] and references therein). The gen-
eral structure of the amplitude is

A=w"Jew,
- (ok) . (oq)
+iFs——=qu+iFa——q,,
k||l ™ >
(83)
where q is the momentum of the nucleon in the 7N chan-
nel and k is the momentum of the nucleon in the vN

channel calculated in the c.m.s. of the reaction and o; are
Pauli matrices.

. 9 i‘O'ikJ'
Ju = Zflo'u-‘v-fg(o‘q)—TkJHq| J



A.V. Anisovich et al.: Partial-wave decomposition of pion and photoproduction amplitudes

The functions F; have the following angular depen-
dence:
(oo}
Fi(z) = Z[LM;' + Ef1P} (%)
L=0
+H(L+D)Mp + EL|PL 4(2),

oo

Falz) = Y [(L+ )M + LM|Pi(2)
L=1

Fs(z) = Y _[Bf — MFIP](2) + [Ep + M 1P} (),
L=1

Fa(z) = > M} — Ef — M — E;]P](2). (84)
L=2

Here L corresponds to the orbital angular momentum in
the mN system, Pp(z) are Leiendre polynomials z =
(kq)/(|k||la]) and EFf and M7 are electric and mag-
netic multipoles describing transitions to states with J =
L £ 1/2. There are no contributions from M, E; and
E; for spin-(1/2) resonances. In the following we will con-
struct the YN — 7N transition amplitudes using the op-
erators defined in the previous sections and show that in
the c.m.s. these amplitudes satisfy eqs. (83), (84).

6.1 Photoproduction amplitudes for 1/2—, 3/27,
5/2~... states

The angular dependence of the single-meson production
amplitude via an intermediate resonance has the general
form

_ X 1.0 it

(g NG, o, (6 FGL S (P ( Julk))e, . (85)
Here ¢; and k; are the momenta of the nucleon in the 7NV
and YN channels and ¢ and k' are the components of
the relative momenta which are orthogonal to the total
momentum of the resonance.

If states with J = L+1/2 are produced from a yN par-
tial wave with spin 1/2, one has the following expression
for the amplitude:

AT(1/2) = a(g) XY o, (ah)

S . L
FEr 80 (PYyis X5 5, (K Yu(ky)e, BW (s) ,  (86)

where BW (s) represents the dynamical part of the ampli-
tude. Taking into account the properties of the projection
operator, this expression can be rewritten as

Vs + P (L)
2\/5 B1---BL

u(q) X, (gH)Tgr s (k™)
X")/#’L"‘)/5u(k1)€# =
L+l
2L4+1  orea
L B

_ sX!
2L+10 BAaas...ap

Vs+P
X Tﬁwww(kl)eu :

a(q1) L@HXE (k)

(qJ_)X(L)

Baz...ar (kj_)

(87)
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Using the expression for the convolution of two X-
operators with two external indices (as given in ap-
pendix B), one obtains

L+1

AT(1/2) = ala) 57 oD (Vat VED
P.(z) 4o ks
X[PL(Z) T U“ﬁ(\/qukT)}

+P
vauz%u(/ﬁ)eMBW(s) .

NG (88)

In the c.m.s.

_ s—i—P . L%
u(ql)\[QTWWSU(kl)% = —/Xixsiw*(g;o;)w’  (89)

holds, leading to

AT(1/2) = o R g D=2 (Vg VD)
o)+ P e — 5|
T VRS M

Here all vectors are three-dimensional. Using in addition
the properties of Pauli matrices

00§ = (;ij + is,;jk.ok , (91)
one obtains the final expression
+ * a(L) 1 1\L
AT(1/2) = —w* \/XiXf ei(vV gt VEkL)
2L+1
€ijm0oik
o | (L+1)P Py —umo) T pr
i (L DPL) + 2P + (o) S )
xw' BW (s) . (92)

Taking into account the properties of the Legendre poly-
nomials (given in appendix A), the amplitude can be com-
pared with egs. (83), (84). One finds the following corre-
spondence between the spin operators and multipoles:

+(3) L a(L) ([k[la)*
B9 = (—0)F xaxy

1 1
M) — g

BW(s) ,
(93)

1 1

Here and below Ez(i) and M2(§) multipoles correspond
to the decomposition of spin-(1/2) amplitudes. In the case
of photoproduction, only two /N operators are indepen-
dent for every resonance with spin 3/2 and higher (for
J = 1/2 states there is only one independent operator).
For the set of J = L + 1/2 states the second operator has
the amplitude structure

AT(3/2) = alq) X o, (¢ s, (P)

<Yy XS5 5, (K5 ulki)e, BW (s) . (94)
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Using expressions given in appendix B, one obtains the
multipole decomposition

+(3) L a(L) (Ik/lal)”
J ORER G ) O vy v G L VY 17 P
L (DX 51T T ()
3
s B
My = 2 (95)

Here and below Ezr(%) and MLH%) multipoles correspond
to the decomposition of spin-(3/2) amplitudes.

6.2 Photoproduction amplitudes for 1/2+,3/2—,
5/2F... states

The YN — «N amplitude for states with J =L —1/2 in
the 7N channel has the structure

_ _ . L o1...00[,—
A™(1/2) = alq)yeins X{E) o, (@D G s (P)

L
<Y, X g (R yu(ky)e, BW(s) . (96)

For amplitude (96) we find the following correspondence to
the multipole decomposition (see appendix B for details):

(1 a(L
EL(z) — (_1)L /7Xin |k‘L|q|L 1(22)

BW(s),
(97)

Amplitudes including spin-(3/2) operators have the struc-
ture

_ _ . L aq...O0,
AT(3/2) = alq)veins X{n) o, (qF) a0k (P)
L-2)

x X572 (kY yulk)e B (s) . (98)
Using expressions in appendix B, the decomposition of this
amplitude into the multipole representation is the follow-
ing:

(3 _ al(lL—2
B, = (0t el ) B ).

-(3) _
M =0, (99)

6.3 Relations between the amplitudes in the spin-orbit
and helicity representation

The helicity transition amplitudes are combinations of the
spin-(1/2) and -(3/2) amplitudes A*(1/2), A*(3/2). For
“+” multipoles the relations between the helicity ampli-
tudes and multipoles are

~ 1
A2 = —§(LML+ +(L+2)E}),

. 1
A3/? = 5 L(L+2)(Ef — M) . (100)
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For the “—” sector the relations are

AL/2 — %((L—&- )M, —(L-1)E;),

1

A3/? = (L-1)(L+1)(E; + M) . (101)
The energy dependence of the helicity transition ampli-
tudes AY/2 and A%/? is a model-dependent subject which
will be discussed in a forthcoming paper. At the nominal
mass of a resonance these amplitudes are connected with
helicity vertex functions A'/2, A3/2 given in PDG by a
constant: ~ ~

(A1/27A3/2) _ C(Al/Q,A?’/Q) (102)

which (together with resonance parameterization) can be
found, for example, in [24]. The ratio of the transition am-
plitudes A1/2, A3/2 (which is equal to the ratio of the he-
licity vertex functions in the case of the Breit-Wigner pa-
rameterization) depends on the y-nucleon interaction only
and should be the same in all photoproduction reactions.

For “+” states we obtain the following decomposition
of the spin-(1/2) amplitude (93):

A3? = 0. (103)

Obviously the spin-(1/2) state cannot have a helicity-(3/2)
projection. For the spin-(3/2) state one gets

L+1_+
5 ES'%)

. 1 [L+2 N
32 = 5MT(LH)EL(

The ratio of the helicity amplitudes can be calculated
directly if the ratio of the spin amplitudes is known. The
BW (s) in both amplitudes is an energy-dependent part
of the amplitude which depends on the model used in the
analysis. If a resonance is produced and decays with radius
r, the regularization of the amplitude can be done with,
e.g., Blatt-Weisskopf form factors (see appendix C). If we
also explicitly extract the initial coupling constants g, /o
and g3/, for spin 1/2 and 3/2, then the expression for the
total amplitude for “4” states has the form

Alt = [91/2 A*(1/2) + 93/2A+(3/2)]
y 1
F(L,q3,r)F(L,k3,7)

Al/2 —

e

) (104)

(105)

In this case, the multipole amplitudes can be rewritten as
follows:

o(L) (Klla)®  g12BW(s)

2L+l L+l FLg.nFL iy M
ELY = ()R ywg

o(L) (Klla)*  gs2BW(s) (107)

2L+1 L+1 F(L,&,r)F(L,k3,r)’
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1 3

Bf =B 4 B (108)
From (103) and (104) one can calculate the the ratio be-
tween helicity amplitudes for “+” states:

3
A3/2 43/2 %,/%(LJrl)ELHz)
L2 1 _ 912 (109)
L 14 2R ’ 93/2.

This ratio does not depend on the final state of the pho-
toproduction process, is valid for any photoproduction re-
action and should be compared with PDG values.
In the case of the “—” states we get, for the spin-(1/2)
amplitude,
Az — _ LEZ(%)

3

A2 = 0 (110)
and for the spin-(3/2) amplitudes
~ L—1 —(2)
A1/2 — _ 5 EL 2 ,
a2 1 — -(3)
A3/2 = (L-1)(L+1E, . (111)

For (—) states the yp vertex has the same orbital momen-
tum as the 7N vertex for spin—% amplitudes, and L — 2
for spin—% amplitudes

- g172A7(1/2)

AL g3/2A%(3/2) 1
tot F(L,k2,r)

F(L-2,k%,r)| F(L,¢*,r) "

The multipole amplitudes can be rewritten as follows:

(1
B = (1) axg k[Falt

L BW
L oL) 921/2 (s) I (112)
L2 F(Laqlar) F(L’kj_vr)
-(3) L -2 L —2)
E. 2 = (=1)"/x; k -_—
BW
« 293/2 (s) . 7 (113)
F(L7qj_7r) F(L - 27kj_vr)
Ef =E,® 4 g7 ® (114)
L = &L L .
For the ratio of helicity amplitudes one obtains:
Ao LD e
L+1 1
_— 11
VL—114+2Rk’ (115)
where
2L —1)(2L -3 F(L-2,k?
L(L-1) F(L,k%,r)

This ratio calculated in the resonance mass should be com-
pared with PDG values.
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6.4 Operators for 1/2—,3/21,5/2—... states
A 1/27 particle decays into a J& = 3/2% particle and
pseudoscalar meson in D-wave. Only one of the indices of
the orbital-angular-momentum operator can be absorbed
by a «-matrix. Again, to compensate the change of par-
ity due to the y-matrix, one has to introduce an addi-
tional vs-matrix. The operator describing the transition
of a state with spin 1/27 into a 0~ and a 3/2% state is
a(P) sy X w2 (117)
where @(P) is a bispinor describing an initial state and
Wf is a vector bispinor for the final spin-(3/2) fermion.
The first set of operators derived from eq. (117) reads

@al...aLA_g i’y5’7uX(LA) LDA

HVQL.. 0Ly —27 )

La=23,....
(118)

However, it is again convenient to rewrite this expression
using the orbital angular momentum L. In this case L=
L+ 2, and

wA

prog..op X

@al...aL i’YS’YuX(L+2)

L=0,1,.... (119)
The second set of operators starts from total spin 3/2. The
basic operator describes the decay of the 3/2% system into
A and pion in a P-wave. It has the form

Vo 757 XV g Wi (120)
The second set of the operators can be written as (here
La=1L)

A _
vA, L=12,... (121)

!palmaL i757UX££Z..‘aLgi1M

Thus, the vertex functions for “+” states are

NGEHE A

q}al---OLL Qp...o, T 0

N = sy, X (LD

pray...op

N(g21+)5L = i’Y5’yVXIEé)2...aLgi_1,u . (122)

6.5 Operators for 1/21,3/2=,5/2%. .. states
A 1/2% particle may decay into a J = 3/2% baryon
and 0~ meson in P-wave. In this case the P-wave orbital-
angular-momentum operator must be converted with the
vector bispinor WHA. The 75 operator is not needed to pro-
vide a correct parity for the state. Then
u(P) XV . (123)
The operator for the state with S =3/2 and J =L —1/2
(L = LA) has the form

T A
7D ¢ NN el L=12,....

(124)

As before, the second set of operators starts from total
spin S = 3/2. The basic operator describes the decay of
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the 3/27 system into a 3/2% particle and pion in S-wave.
Thus,

702, (125)
and we obtain for this set
z A
%lu,amxgggm% , La=0,1,.... (126)

Here L = L A + 2 and the amplitude can be rewritten as

Toy oo XETD g 02, L=23,.... (127)
The vertex functions for “—” states are given by
7 i— A
Wal...aL,lNc(yl,_)_gL71WM )
1— _ (L
No(q...)(il‘[‘_l - X,L(ea)l...aL_l )
NG =X e (128)

6.6 Operators for the decay into states with different
parity

The operators given in the previous sections provide a full
set of operators for the decay of a baryon into a meson with
spin 0 and a fermion with spin 3/2. For the construction
of operators only the total spin and parity are required.
However, the operators for J* — 0~ + 3/2% decays have
the same form as the operators for J© — 0% + 3/27,
J- =07 +3/2% and J- — 0~ + 3/2 decays.

7 Double-pion photoproduction amplitudes

Let us construct the amplitudes for double-pion photo-
production. Here reactions as shown in fig. 1 are taken
into account where the decay into the final state proceeds
via production of an intermediate baryon or meson reso-
nance. The general form of the angular dependent part of
the amplitude for such a process is

ﬂ(ql)NaL..an (R2 HNN)Fgllgo:L (fh + CI2)
XN (R — o) B0 (P,
P=qi+q+qg=Fk +ko.

(R1—N)

xu(ki)e,, (129)
The resonance R; with spin J = m + 1/2 is produced
in the vN interaction, propagates and then decays into a
meson and a baryon resonance Ry with spin J =n+1/2.
Then the resonance R, propagates and decays into the
final meson and a nucleon.

In the following the full vertex functions used for
the construction of amplitudes are given here for con-
venience of the reader. One should remember that the
N-functions are different from the N-functions by the or-
der of y-matrices. For R — 07+ 1/2% transitions

v+ = X -
NH1~~-Hn - X;Ll.“;tn N}Ll.“

o = s XS (130)

V.. Pn
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YyP—-R,->Ryn—-pnn

o € (ky)
10/.,.1 R1
(L, S) p

Fig. 1. Photoproduction of two mesons due to the cascade of
a resonance.

holds, while we have

NGPb =iy Xk o, NG =X e,
(2 . n (22— n—1
N‘gél—f')#n :Z’YV’75XIE<1)2~-O¢ngi_1;L ) NC(¥1~~?57L ZXéz...a)”giw
(131)
for R — 0™+ 3/2% transitions, and
1 . n 1— n+1
Vol = ins XS o s VA = ey, XD
2 4 . n+2 2—)p n+1
Voétiolzn :’YVZ’YE)XéVzll;”an s Voé..galzn :X{ta—l_i;am
+ . n+ - n—
Val...olfn :7u175Xua1...angian 5 Vozl.,.aun :Xag...angélu
(132)

for R — 17+ 1/2% transitions. Here n is related to the
total spin of the resonance by J =n + 1/2.

7.1 Amplitudes for baryons states decaying into a 1/2
state and a pion

In this section explicit expressions for the angular depen-
dent part of the amplitudes are given for the case of a
baryon produced in a v*N collision. The baryon decays
into a pseudoscalar particle and another (intermediate)
baryon with spin 1/2 (decaying in turn into meson and
nucleon).

7.1.1 The 1/27, 3/2%, 5/27 ... states

The amplitude for a “+” state (Ry) produced in a v*N
collision in a partial wave (i) decaying into a 0~ meson
and an intermediate 1/2% baryon (Rs) has the form

Gi+qet+y/S12 o 1
W al...aL(ql)

X FS 8 (PYVAR (kb Yu(ky)e, =

M x (L) (qL)\/ngp
2\/@ aq...ar \11 2\/5
R GEVE (e ulk e (133)

AY = a(q1) N~ (4i2)

u(q1) idia7s

where the k1 and ¢; are the momenta of the nucleon in
the initial and the final state, k- = 1/2(k; — k2)* and
qi- = 1/2(q1 + q2 — g3)* are their components orthogonal
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to the total momentum of the first resonance R;. Further,
s12 = (q1+¢2)? and the factors 1/(2/s) and 1/(2,/512) are
introduced to suppress the divergency of the numerator
of the fermion propagators at large energies. The relative
momentum gis is the component of ¢; and go orthogonal
to the total momentum ¢; + go. It is given by

) 1o

The vertex functions (130), (131) are given for the case
when the nucleon wave function is placed on the right-
hand side of the amplitude. Therefore, the order of the
~y-matrices needs to be changed for the meson-nucleon ver-
tices in eq. (129).

If the baryon Ro has spin 1/27, one has to construct
the vertex for decay of “4” states into a 0~ and a 1/2~
particle. However such operators coincide with the opera-
tors for the decay of “—” states into a 0~ + 1/2% system.
Therefore

1
qﬁu :i(ql - q2)y (g;,w -

i G1+q d1+G2++/$12
AW = (q12) Ak 2

U Nt

u(q1) 2/51
X FS 0 (PYVAT (K Yu(k e, =

_ Qt+G2+/512. L+1 i
o) 5 2 R s XU, (o)
SE(PYVTR (K ulk)ey

In the case of the photoproductlon with real photons, the

Véfﬂéz vertex is reduced to V 1+)”

..ap, (ql )

xFg (135)

, and can be omitted.

7.1.2 The 1/2%, 3/27, 5/2% ... states

If a “—” state is produced in a v*N interaction and then
decays into a pseudoscalar pion and 1/2% baryon, the am-
plitude has the structure

) N7 +q2+\/§ ¥
AD = a(q) N (giy) & N, L
u(q1) N~ (q13) W an_1 (@1)
X EGUe - (PYVSTR (K u(ky)e, =

1+QQ+\/81
2./s1

e f<P>V5‘I_._i§;1<kl>u<k1>e#

algr) idiyys & s XS5 o (af)

X FgL (136)

If the intermediate baryon has spin 1/2~ then
G1+42+

- Y L
U(Ql)N+(Q12) 2 /512

NPT (R Yulk)e, =

G1+G2++/512
(T
2,/81

S PWATE (kYulk)ey

For photoproduction with real photons only amplitudes
with V=) and V=) vertex functions should be taken
into account.

i S12
A( ) = + SO, — 1(q1 )

><FO‘1
u(q1)

X F5L (137)
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7.2 Photoproduction amplitudes for baryon states
decaying into a 3/2 state and a pseudoscalar meson

Experimentally important is the photoproduction of res-
onances decaying into A(1232)7 followed by a A(1232)
decay into a nucleon and a pion.

7.2.1 The 1/27, 3/2%, 5/27 ... states decaying into a
meson with spin 0 and a baryon with spin 3/2

The “+” states produced in a v* N collision can decay into
a pseudoscalar meson and an intermediate baryon with
spin 3/2% in two partial waves. The amplitude depends
on indices (ij), where index (i) is related, as before, to
the partial wave in the 7N channel, while index (j) is
related to the partial wave in the decay of the resonance
into the spin 0 meson and the 3/2 resonance Ra:

A = a(qr) N (¢3)F (g1 + g2) NI (af)

x Fg e (PYVA (kb yu(ky e,

B By (138)

If the intermediate baryon Rs has JP = 3/27, the
amplitude structure is

AW = u(q1) N (@1 Q)F (1 + q2) N(gj )aL (‘h )

X FgLs e (PYVAR (kK yulkn )y (139)

7.22 The 1/2%, 3/2, 5/2+ ...
meson and a 3/2% baryon

states decaying into a 0~

“_»

The amplitudes for states decaying into 0~ meson
and 3/27 intermediate baryon are

A(U) — ﬂ(ql) N"’(qf‘g) F,f((h + Q2) N(Scj )ZL 1(Q1 )

X FSU St (PYVATR (K Yulkr ey,

Br Br.. (140)

and if the intermediate baryon Rs has the quantum num-
bers 3/27,

AW = a(qr) Ny (afz) FL (a1 +a2) NG, (ai)

0 e (N A S (e T ( S

Br-1 B.. (141)

8 t- and u-channel exchange amplitudes

Meson exchange in the ¢-channel plays an important role
in both photoproduction and pion-induced reactions. Es-
pecially at large energies this mechanism often dominates.
In the resonance region we expect that production of
baryon resonances in the s-channel dominates the interac-
tion, at least when neutral mesons are produced. Never-
theless the ¢- and u-channel exchanges must be taken into
account carefully.

The most straightforward parameterization of particle
exchange amplitudes is the exchange of Regge trajectories.
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For construction of a cross-symmetrical amplitude it is
convenient to use the variable
1

v= §(s—u)

The amplitude for ¢-channel exchange can be written
as

A= g1(t)g2(t)

1+ {exp(—ira(t)) ( v )a(t) . (142)

sin(mra(t)) v

Here g; are vertex functions, «(t) is the function which de-
scribes the trajectory, vy is a normalization factor (which
can be taken to be 1) and & is the signature of the tra-
jectory. The pomeron, fy and 7 exchanges have a positive
signature, while p, w and a; exchanges have a negative one.

Accordingly, the reggeon propagators can be written as

e—i5a(t) ( v )@(t)
R +,V,t = ——m aaa N
( ) sin(Fa(t)) \vo
o —iZal(t) a(t)
R—wt)y=—— (2 , (143)
cos(Fa(t)) \vo

where “4” and “—” indicate the signature of the Regge
trajectories. To eliminate the poles at ¢ < 0, additional
I'-functions are introduced in (143). If the pomeron
trajectory is taken as 1.0 4 0.15¢ [25], negative ¢ poles are
at « =0,—2,—4,... and therefore

sin (ga(t)) — sin <go¢(t)) r (oz;t)) .

For the pion trajectory «(t) = —0.014 + 0.72¢ [25], and
the negative poles are at o = —2, —4,... . Regularization
must be taken as

sin (ga(t)) — sin (ga(t)) r (? + 1) .

For p, w and a; exchanges the negative poles start from
a = —1 and therefore

cos (ga(t)) — cos (ga(t)) r (@ + %) .

8.1 Single-meson photoproduction due to p and w
exchange

(144)

(145)

(146)

In the following, the 4-vectors of the initial photon and
proton are denoted as k; and ko and the 4-vectors of
the final-state nucleon (e.g., proton) and the meson (e.g.,
pion) as ¢q; and gs, respectively (see fig. 2). The photon
couples to the mp(770) system in a P-wave, and the cor-
responding amplitude for the upper vertex is

Aupper = €uPatuasy 428 kv (147)

where p, is the polarization vector of the p-meson.

The European Physical Journal A

p(k,) p(a,)

Fig. 2. The t-channel exchange diagram for single-meson pho-
toproduction.

p(a,)

p(ky)

Fig. 3. The t-channel exchange diagram for double-meson pho-
toproduction reactions.

Another vertex in this diagram describes the transition
of the proton and the p-meson into the final proton. Such a
transition has the same vertex structure as the transition
v*N to a nucleon at the lower vertex:

AL = alg)VO (B yulk o, i=1,2,
1 _ _ My _1 _ _ Qpdiv
klu = k1 (QW q% ) 3 (k1 — ke)w (g/w q% )

(148)

Here ky = k3 — g2 = q1 — k1 is the p-meson momentum.
Summing over its polarizations yields

>

polarization

_ ktaktﬁ .
PaPB = GaB — L2 )
t

(149)

we obtain the following expression for the amplitude:

A =epepapy Gop koyi(q) VI (K Julky), i =1,2.

(150)
The same amplitude structure corresponds also to w ex-
change.

8.2 Double-meson photoproduction due to p and w
exchange

Let us consider photoproduction of two meson (e.g., pions)
due to p exchange in ¢-channel with a 1/2 resonance in the
intermediate state (see fig. 3). In this case we should add
to eq. (150) the 1/2 propagator and the vertex for decay
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of this resonance into final meson and nucleon:

G1+G2++/512
2,/512

Aii = Eu€uaBy 433 kZWQ(QI)Ni (Q%Q)

VR (k) , i=1,2, (151)
with ki, = k1 (g — (@1 + @2)u(q1 + q2)0/512).
The definition of g5 is given in (134). The “~” ampli-

tude corresponds to the production of a 1/2% interme-
diate state, while the “+” amplitude corresponds to the
production of a 1/27 intermediate state.

Two-meson photoproduction due to p exchange in t-
channel with a 3/2 resonance in the intermediate state can
be easily obtained following the procedure given above. In

A = €€uapy G35 kQVQ(m)NEﬂ:(qﬁ)

X FS (g + @)V (ki u(k:), i=1,2,3, (152)
the “—” amplitude corresponds to a 3/27 intermediate
state and “+” amplitude to a 3/2% intermediate state.
The examples of other t-channel and w-channel ex-
change amplitudes used in the analysis of the single- and

double-meson photoproduction are given in appendix D.

9 The cross-section for photoproduction
processes

The differential cross-section for production of two or more
particles has the form

(2m)*|A]?

do =
(k1k2)? —mim3

dén(kl + kQa q1,--- 7Qn) )
(153)

where k1 and ko are momenta of the initial particles (nu-
cleon and -y in the case of photoproduction) and ¢; are mo-

menta of final-state particles. The d®,, (k1 + k2, q1,-- -, qn)
is the element of the n-body phase volume given by
n
ddsn(kl + k27q17 e aqn) = 64 (kl + k? - qu>
i=1
154
x };[1 271' 32q0, (154)
The photoproduction amplitude can be written as
A=¢e,u;Auy , (155)

where ¢, is the v polarization vector and #; and uy are
the bispinors of the initial- and final-state nucleon. When
the v and nucleon polarization are not measured, the am-
plitude squared is equal to

1 1 ;
— * agosd A tr j
=1 E AA* = 1 E €LE U Auful AT

ajk ajk

A2 (156)
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where one averages over the polarization of the initial- and
sums over the polarization of the final-state particles. A%
is the Hermitian conjugate amplitude.

For the unpolarized real photons

PP, ik
oo L1 put v v
- za:gugu - gHV - gul/ - P2 - ki (157)
with P = kl + kz and
1 1 P,P,
ky = 5 (k1= k2)u G = 5 (k1 = ka)y <g,fu - 53 > :

Let us remind that in the c.m.s. with the momentum of ~
being parallel to the z-axis,

0 0

G = Y

0

. (158)

OO OO
OO OO

0
0

The bispinors of fermions with momentum k; summed
over polarization are convoluted (taking into account nor-
malization (27)) and yield

Zuj(/fl)ﬂj(kl)

=m+k (159)

and therefore

A% = J'J'Tr ((m+ k) Au(m+ a)AS] . (160)
In case of a polarized target the density matrix of the
fermion propagator (m + k1) must be changed to the po-

larization density matrix:

m—|—l§;1 — (m+k1)(1+’}/5»§'1") s (161)

where the 4-vector St is the polarization vector of the
target baryon (S% = —1, (k1S7) = 0). If the polarization
of the final baryon is measured, the density matrix of the
propagator (m + §;) is substituted by

m+ 4, — (m+§1)(1+75§R) ) (162)

where the 4-vector Sg is the polarization vector of the
final baryon (5% = —1, (¢1Sg) = 0).

When a « is linearly polarized along the x-axis, the
polarization vector is ¢, = (0,1,0,0) and we do not
need to average over two polarizations. Then one has to
change (160) by substituting

0000
1, 0-100
29 710000 (163)
0000
If one has a circular polarized beam,
00 00
1 ,, 1]0-1-0
2% 7300 i 10 (164)
00 00
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10 Conclusion

In the present paper the operator expansion approach
has been developed for the construction of amplitudes for
pion- and photon-induced reactions. The method is rela-
tivistically invariant and can be easily applied to the con-
struction of amplitudes with multi-body final states. For
the production of pseudoscalar mesons the identity of our
amplitudes to the well-known CGLN amplitudes is explic-
itly shown. The formulas are given explicitly in the form
used by the CB-ELSA Collaboration in the analysis of
single- and double-meson photoproduction.
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Appendix A. Properties of Legendre
polynomials

The recurrent expression for Legendre polynomials is
given by
2L —1 L—-1
Pr_ —— Pp_ .
7 z Pr1(2) 7 L—2(2)
The first and the second derivative of the Legendre poly-
nomials can be expressed as

Pi(z) = (A1)

pye) = LD G (g2 T
(A.2)
PI() = 2zP; (%) _lli(i;_ 1)Pr(2)
AR RS LAC IS

Some other useful expressions given here for convenience

are
P, ,=P,z—LPy,

P, =Piz+(L+1)Pg,

P =P, =Q2L+1)P,
PL+1 Pg—l = (2L + 1)P£ .

Appendix B. Properties of
angular-momentum operators

In the following we list useful properties of angular-
momentum operators:

X (qu) X o (kL) =

O] ... Oty

norl (\/g)n(\/(g)m_1 [_

ki, o,

P
VE nt

qlp, P/

\/q>n+17
1

(B.1)
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X(n) ( )Xl(/a)2 an(kL) =

HO2...0n

Qp—1 n

ng (\/ ki) (\/q ) |:g/LVP7/'I 1
1 J_kJ_ kJ_

(e

k2

2n—1/(qy

+2

n+2
X/Sl/z:l.)‘

Gy | Kiki\ b
2 + k2 n
ay 1

) (P, +22P)

VKV

@)X . (/ﬁ) =
(2)
S e
3(n+1)(n+2) @
3kiqy +kyqr — % - (kt

2 RV

n+2

)PT/L/+1>
(B.3)

X;(ﬁ/) (k1)

HEE R

X(n) ( )O‘Wz %LX(n)

ay2...Yn nh2.. B (kl)

ay2...Yn

n g‘l’
X0 (@) TEXE) (k)

n- n (n)
R XaM’Y?» In (QJ-)XET’Y3~~’Y71 (kl)

2(” ) X(n) ( )X( n)

T n(2n— 1) e s (kL) . (B4

Appendix C. Blatt-Weisskopf form factors

If a resonance with radius r decays into two particle with
(squared) momentum k?:

o (5= (m1+m2)®)(s — (m1 —ma))®
2 1 2 X 1 2)”

(C.1)

where s is total energy and m; and ms are masses of
the final particles; then the first few expressions for form

factors F'(L,k?,r) are
F(0,k%r) =1,
F(1,k*r) = ACh)
I ) r )
(x2+3zx+9)
F(2,k*,r) = .
(23 4 622 + 45z + 225)
F(3a kzar) - \/ 3 )
vVt + 1023 + 13522 + 15752 + 11025
F(4a kza T) = ra )
(C.2)
where 2 = k?r2. Remember that r (GeV™') = r (fm)/

(0.1973 (fm GeV)).
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Appendix D. Structure of amplitudes for
t-channel and u-channel exchanges

Appendix D.1. t-channel amplitudes

For the photoproduction of a single neutral pion, p and
w exchanges play a significant role. The exchange of a 7°
is forbidden since the photon does not couple to a neu-
tral pion. When charged pions are produced the pion ex-
change diagram can play an important role. The upper-
vertex function for pion exchange is

1 92,920
Aupper = 5u§(k2 + kt)u(.guu - :12 ) =
q2,.92v
E,uktv (guu - :1721. ) . (D].)

The lower-vertex function is described by a N — 7N tran-
sition. Thus

A=c,ky (gw, - qz:lq;”)ﬂ(ql)N_(kf)u(kl) . (D.2)

s

Remember that for single-meson production

1 141y 1410
kfﬂ = §(k1 - kt)u(,g;,w - a Z%q ) = k'ly (gul/ - g ;%q )
(D.3)
This expression can be easily extended to the case
of double-meson photoproduction. If the intermediate

baryon has spin 1/2, one obtains

+ q2uq2v
AT = 5uktu (g;u/ - Tﬁ—)

(D.4)

_ - G1+G2++/512
NE(g) LERTVI2 Nk Ly (k)
xu(qr) (q12) 2 /512 (ki )u(k)

Here the “—” amplitude corresponds to a 1/27 interme-
diate state, the “+” to a 1/27 state,
ki = k1 (9u — (@ + @)u(@ + @2)0/512) 5 (D.5)
the definition of g5 is given in eq. (134) and the notation
of momenta is shown in fig. 3.
For an intermediate resonance with spin J = L +1/2
the amplitude structure reads

q2uq2v \ _ Y
Ai = 5uktu (g,uu - ﬁ)U(QI)NoﬁaQ...an (QE)

s

XFG2 0 (g1 + )N g, g, (K )u(k).  (D.6)

The upper vertex for p-meson production due to pion
exchange has the following structure:

1
Aupper = Eu€uafy §(Q3 - QQ)aQQB k'Q'y =
Eu€uaBy 43a928 k2'y ; (D7>
while the lower vertex has the same structure as the 7N
scattering amplitude. Therefore,

A= En€uaBy 430923 k27 a(Ql)Ni(k%)u(kl) (D8)
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p(k,)

n(0)

Fig. 4. The u-channel exchange diagram for photoproduction
of single mesons.

Here ki is given by eq. (D.3).

The p-meson can also be produced by pomeron or fj
exchange. The upper vertex for such a case is € #%(qg —q2)u
and the amplitude is equal to

1 _
A= Eug(qg — q2)uti(q)) N* (ki u(kr) - (D.9)
The next amplitude which we consider is the fy pro-

duction due to p (or w) t-channel exchange. Such an am-
plitude has the structure

ktuktlx
k¢

A= = (g — 15 Yalg ) VD (i yulln), i = 1,2,

(D.10)

Appendix D.2. u-channel amplitudes

Apart from meson exchange amplitudes (which we define
as t-channel exchanges), mesons can be produced from
baryon exchange in the u-channel. An example of such a
diagram is given in fig. 4. For nucleon exchange, the vertex
for meson production (the lower vertex) is defined by

(k)N (g3 )u(kr) ,

Here the N~ vertex describes the production of a pseu-
doscalar meson. Further,

kluklu

1
1
= wy 5 -k v =
qzu (g/ m% ) 9 (Q2 u)

klukly
uv — 2 q2v-
mp

If the reaction is induced by a meson, the upper vertex
has the same structure

()N~ (kg Julka) |

ky =k —qo.  (D.11)

(D.12)

(D.13)

where

Qi ) 1 G110
kéﬁ: (g,u,y_;nQ> §(k2 - ku)l/: (g,u,ll_/rln2> k'21/-

p p

The angular dependent part of the amplitude for the nu-
cleon exchange diagram is

mp—&—l%u
m2 — k2

A=a(q@)N™ (ky) N~(gz)u(ks) . (D.14)



128

.

7(0)

p(a,)

p(k,)

Fig. 5. A u-channel exchange diagram for the production of a
baryon resonance in photoproduction of two mesons.

™(q,)

In the case of photoproduction the upper vertex is defined
(i-),
by V" 7t

mp—l—l%u
m2 — k2

Al=e,u(q))VO) (ky) N~ (g3 )u(ky), i=1,2

(D.15)

The production of 07+ states in double-meson produc-
tion can be obtained from egs. (D.14), (D.15) by replacing
N~ (q3) by N*(qz).

In the case when a baryon resonance with J = L +1/2
is produced in the intermediate state (see fig. 5), the am-
plitude for the meson-induced reaction has the structure

A=u(q)NE,, o (@B)FSS2 50 (0 + a2)
J_) my + ]A€u

N+ —p T
2 2 2
my — kg

51ﬁ2~ﬂL( Nﬁ(‘]?)u(kl) (D.16)

and for y*-induced reactions

A= = a(q)VIE) L, (@) FESe 5 (a + 2)

my + ku
N3 g, (k3) —2——2 N~ (g3 Ju(k1) .

D.17
mf, — k2 ( )
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